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WEAK HARNACK INEQUALITY AND HOLDER REGULARITY FOR 
SYMMETRIC STABLE LEVY PROCESSES 


MARINA SERTIC 


Abstract. In this paper we consider weak Hamack inequality and Holder regularity es¬ 
timates for symmetric a-stable Levy process in a e (0,2), d > 2. We consider a 
symmetric a-stable Levy process X for which a spherical part ji of the Levy measure is 
a spectral measure. In addition, we assume that fi is absolutely continuous with respect 
to the uniform measure cr on the sphere and impose certain bounds on the corresponding 
density. Eventually, we show that the weak Harnack inequality holds, which we apply to 
prove Holder regularity results. 


Acknowledgment. The author is thankful to Bartlomiej Dyda and Moritz Kassmann for 
valuable comments. 


1. Introduction 


In the paper, we use the notation 

B{xq, r) — [x '.\x- xoI <r],r> 0. 

We consider a symmetric a-stable Levy process X, which has the characteristic function 
of the form 

( 1 . 1 ) 

where the characteristic exponent d) is given by 


f > 0, 


( 1 . 2 ) 


<[)(«) = 






The measure p is symmetric, finite and non-zero on (see [6], Theorem 14.13). Let the 
measure p be absolutely continuous with respect to the uniform surface measure on 
and denote its density by 

The potential density p(t, x, y) - p(t, y - x) is determined by the Fourier transform 


Jr'' 


pit, x) dx = f e R^', f > 0. 

I 

Definition 1.1. The Green function is defined by 


(1.3) 


Gix, 




pit, x,y) dt, x,y e '. 


Definition 1.2. Let D be an open set, D c R"'. The Green function ofX^ is defined by 
(1.4) GDix,y) = Gix,y) - E-'[G(A^^,y)], x,y e D. 


The author appreciates the support of the International Graduate College ’’Stochastics and Real World Mod¬ 
els”, Universitat Bielefeld. 


1 



2 


MARINA SERTIC 


Definition 1.3. A measure A on R"' is called degenerate if there is a proper linear subspace 
M of R'^ such that S pt(A) c M, where S pt(A) denotes the support of the measure A. 

A measure A is called non-degenerate if it is not degenerate. 

Definition 1.4. A measure p on is called a spectral measure if it is positive, finite, 
non-degenerate and symmetric. 


2. Weak Harnack Inequality 

In comparison to [7], here we show the weak Harnack inequality for X, where a function 
u is bounded, but may be non-negative. The definition follows. 

Definition 2.1. The weak Harnack inequality for a symmetric a-stable Levy processes X 
holds if there is a constant c - c(a, d) such that for every bounded function u on R'^, which 
is harmonic in Br(xo) with respect to X, xq e R"', 0 < r < ro, and non-negative on Br(xo) , 
the inequality 

(2.1) -r m(x) dx < c inf uc sup I u^{y)fy{y - z) Ay 

JBriAxa) Br/e(xo) zeB.iAxo) jR-i 

holds, where 0 > A> 1,20 > cr > 1. 

We prove the following result. 

Theorem 2.2 (Weak Harnack Inequality). Let X be a symmetric a-stable Levy process in 
R^*, d >2, with index of stability a e (0,2) and the characteristic function of the form 

gOgm-x, ^ M e R"', f > 0, 

where the characteristic exponent is given by 

o(m)= r \u-f\‘^p{df), 

and p is a spectral measure. Furthermore, let p be absolutely continuous with respect to 
the uniform measure cr on the sphere and denote by f^ its density. Assume that there 
is a positive constant m such that 

0 < f,{f) <m,fe S''-'. 

Then the weak Harnack inequality for X holds. 

In order to show the theorem, we use the results that follow. 


Lemma 2.3. Let a e (0,2), d > 2. There is a constant ci such that for every z e Barixf), 
the inequality 


£ 


Br/A(Xo) 


Gb,Axc,)(x, z) dx < Cl 


holds, where l/T < a < 1. 
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Proof. By the inequality po < p and the estimate of the transition density p for small times 
(see e.g. [8], Theorem 1), it follows: 


T GB„(xa)(x,z)dx 

-f If 


PB,,(xo)(t, X,Z) dt 


dx 


pit, X, z) dt 


If 

JBriiixa) L Jo 

<c(a,d)f f (, 

Jb,iAxo) Jo v 


dx 


A 


|x - z|' 


< c(a. 

+ c(a 
+ c(a 


) 

-f [ r r‘'''“-/3(i,r'^“x,ri/“z)df 

•^^r/A(Xo) ^ *^1 

1/ 

JBf./^(xo) L Jo 

[/■ 

JBrii(xa) JU-zhAl 


dx 


Hx-zI'a! 


\x-z\ 


dt 


•<')/ [f 

< c(a, ^ 


~dja 


dt 


Br/A(Xo) ' 

X - zr‘‘ dx 


dx 


-^^r/AiXo) 

a 


+ c(a, d) 


d - a 
a |Bf/i(xo)| 

d-a \BriAixQ)\ 


r 

Q-d 


\ 

(ix-zr Ai)^ -1 

dx 

JBriAiXo) 




< c(a, d, r, /I). 


□ 


Lemma 2.4. Let a e (0,2), d >2. There exist (5i = 6\ia, d) > 0 and C 2 — 02 ( 0 ', d, di) such 
that for every x e Br/g(xo) and every z e B(x, (5i) the inequality 


GB„(xa)ix,z) > C2 


holds. 

Proof. Using 

( 2 . 2 ) GBMix,z) = G{x,z) - 

in order to prove the lemma, we compute the estimates for G(x, z) from below and the 
estimates for E-'[G(X^g^ z)] from above. Using the heat kernel estimates for small times 
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([8], Theorem 1), we obtain 


(2.3) 


'[G(X, 




,z)] 


X 

I 


BariXoY 


(xoY 


G(u,z)Pbuxo)(X’ «) dw 


Pb„{xo){x, u) 


f 


= I I p(t,U,z) 

JBarixnY Jo 


Jb, 


BariXoY 


Pbuxo)(x, u) 


r 


p{t, u, z) At 
At 

p(t, u, z) At 


Au 

Au 

Au 


<c(a,d) f PB„(xa)ix,u) f ( 
Jb„Jx„y Jo ' 


-d/a 


A 


I 


,r(XoY 
PB,r(X0)(X, U) 


f: 


JBariXoY 

LJl 

< c(a, d) 

1 PB,,(xa)(x, m ) 


JB„(xaY 

+ c(a, d) 

1 Pb„(xo)^^’ «) 


'B,r{xoY 

< c(a, d) 

1 Pb„(xo)(x, u) 


JB„(xaY 

+ c(a, d). 



■ p{i,t-J‘^u, r'/“z)df 
t 


dt 


{t-d/a^ 


\u - z|“+‘' 
Au 


I dt 


t-dia ^ 


\u-z\ 


a+d 


\At 


J Au 
Au 

1 Au 


Au 


Examining the integral in (2.3) more closely, we obtain: 


I 


(xoY 


PB„,(xa){x, U) 


£(: 


A 


\u-z\ 


a-\-d 


dt 


Au 


>B„(xo)' 

+ I ^’s„Axo)(-^.«)l||z-«l>l)(«) 
Jb^AxoY 

= /i + h- 


— j m)1||2_h|<1)(m) I (i 

JB,„(xaY Jo ' 

!'( 


A 


f 




M - z|“+‘' 
f 


|m-z| 


or+J 


I dr 
dfl 


Au 

Au 


(2.4) 
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Jb„Ax„Y 


A 


\u — ) 

r 


n r n\z~u\ 

= I «)l|k-H|<i)(«)k - I tdt du 

JBariXQY L Jo J 

+ r ^’B„(xo)fe«)iik-«i<i)(«) r dM 

JBariXoY L J|2~m|" 

= Cl I PB„(xa)ix, M)l||z-H|<l)(M)k - Mr'"' dM 
Jb„(xoY 

+ C2 I Pb,Axo)(x, u)l{\z-u\<i}(u)-Y^i\z - - 1) dM 

JB^ixaY d - a 

(2.5) < c\{a,d,6\,a,r), 

where in the last inequality we used z e B{x, 5i), for di >0 small enough. 

h- I Pb„ax(,)^x,u)\^^z-u\>\]{u) 

da^AxoY 

f - - -rUfldM 

[Jo \ iM-zrv J 

= I fB,Axo)(x, u)l{lz^ul>lj(u)lz - I fdf dM 

JBaAxaY do J 

= c I Pb„(xo)(x, M)l|k-H|>l)(M)k - dM 

JBaAxnY 


In conclusion, by (2.3), (2.4), (2.5) and (2.6), we obtain 

(2.7) W[G{XJ^^^^^^,z)] < ci{a,d,~6ua,r), 

for all z e B(x, 5i) and > 0 small enough. 

To estimate G{x, z) from below, we use the continuity of the potential density (cf. [9]). 
Due to 

p(l,0) > c, 

by continuity of p(l, •) in x = 0, there is R > 0 such that p(l, x) > ^ ■p(l, 0), for all |x| < R. 
Furthermore, for \^\ - I, since: 


5 ,^)> r 

Jr-‘ 


p(t,Odt 


^OO ^ 1 ^oo 

= -pfi, ^)df > - ■ I • n(i,0)dt 

Jr-« ^ 2 Jg-. 


- ci(a,d) > 0, 


we obtain 

( 2 . 8 ) 


G(O,0 > ci(a,d). 
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For |x| ^ 0, by scaling and (2.8) 


G(o, x) = ixr''■ g(o, ^) > Cl ■ kr^- 


Therefore, 


(2.9) 


G(x,z) > C 2 ■ |x- zr 


Now, choose (5i such that < (c 2 /(ci +c))X A^i, where c > 0. Then for every x e Br/e(xo) 
and z e B(x, (5i), combining (2.2), (2.7) and (2.9), we obtain 


Gbuxo)(x, z) > C2 • |x - zr - Cl > c> 0. 


Define C 2 - c and now the statement follows. 


□ 


Remark 2.5. Notice that, according to the Lemma 2.3 and Lemma 2.4, there are c = c(a, d) 
and 5i = Si(a, d) such that for every x e Br/e(xo) and for every z e B{x, 6i) the inequality 


£ 


Br/A(Xo) 


Gb,,(x„)(x,z) dx < c • Gb^^(xo)(x,z) 


holds. 


Lemma 2.6. For a e (0,2) and d >2, let 5i > 0 be as in Lemma 2.4. There is a constant 
C3 = C3(a, d) such that for every x e Br/e(xo) and every u e Bar(xo) \ B(x, ( 5 i) the inequality 


£ 


Br/AXo) 


Gb„,(xo)(L m) dx < C3 ■ Gb„(xo)(.^, m) 


holds. 


Proof. The proof relies on the maximum principle (cf. [5]). We use the fact that Gd(x, •) 
is regular harmonic in D \ B(x, e) with respect to X for every e > 0 (cf. [1]). 
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£ 


Br/A(Xo) 


GB„(xa)(x, u) dx 


-i 




[GB„{xo)iX, dx 


f 1 / 

JBrlAiXQ) ^ «7R‘ 


)BrlA{Xa)^ JW‘\{Bar{Xo)\B{Ux)) 

Gb„,(xo)(x,z) PB„(xo)\Bix,6i)(u, z) dz 


= / If 

jRd\(B^Jxa)\B(x,6i)) L Jr 


^r/Ai^o) 

GB„r(xo)(x,z) Pb,,{xo)\B(x.6i)(U’Z.) dx 


J If 

Jb(x,6i) Jb, 


JB(x,6i) l JB,ia(xo) 

Gb„(xo){x,z) PB,r(xo)\B(x.6i)(^’Z.) dx 


f If 

JR‘'\B„Xxo) l Js,, 


^R‘'\B„(xo) L JS,,j(xo) 

Gb„,(xo)(x,z) Pb,M\B(x.6i)(^’Z.) dx 


f If 

Jb(x.6,) Jb. 


)B(x,5i) L -'R,/j(xo) 

Gb„,(xo)(-^,z) PBUxo)\B{xM)i^’Z) dx 


dx 


dz 


dz 


dz 


dz 


Rem.2.5 ^ _ 

< C GB„(x^){x,z)PB,,(xo)\B(,xA)iu,z)Az 

Jb(x,6i) 

= C I GB„(xo)fez)f’iJ„,(xo)\B(x, 5 i)(M, 2 ) dz 

jR‘'\(B„(xo)\B(x,ai)) 

= C • E [Gs^^(xo)(X, Xx8^^,j:il)\8(i,ii))] 

= c ■ Gb^^(xo)(x, m). 


Define C 3 = c and the lemma follows. 

Proof of Theorem 2.2. Let m > 0 and 1//1 < a < 1. 

( 2 . 10 ) 


T m(x) dx 


[«(^T 8 „,x„))] dx 


•^r/A- 

= T I M(y)^’ij„(x„)(-^,y) dy 

= f f r ^(y) 


dx 


( 2 . 11 ) 


tB,/^(x„) 1 J(B„(xo))' 

u(y) 


I /v(y - z) Gb„,(xo)(x, z) dz 
Jb„(xo) 


f u(y) f fy(y-z)l'f Gb^^(xo)(x,z) dx 

J(B„(xo))‘ L Jb„(xo) L jBriAxa) 


Ay 


dz 


dx 


dy 
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By Remark 2.5 and Lemma 2.6 there is a constant c such that for every x e Br/eixo) 

(2.11) < c- r u(y)\ f 1b(im(z) 

J(B„Axn)Y JB„Axn) 


+ C 


L 


u{y) 


(BaAX0)y 


My - z) ■ Gb^axo)(^’ z) dz 

I ^B(x,Siy(z) 

•JB„(xo) 

My - Z) ■ Gb^axoM, z) dz 


dy 


dy 


= c • I u(y) I My - Z) Gb^^(xo)(x, z) dz 

J(B„Axn)r Jb„Axo) 


dy 


I u(y)PB^Axo)(x,y) dy 

J(BaAxa)f 


- c ■ u(x). 

Since the inequality 


T u(x) dx < c ■ u(x), 

JBr/AiXo) 


holds for any x € Brjeixo), we obtain 


i 


u(x) dx < c inf u. 

BrtAxa) 

Therefore, the theorem is proved for non-negative functions u. 
Let u - , where 


- max{M,0), 
uT - -min{M,0). 


By the first part of the proof, 


-r m(x) dx < -t 


dx 

BrIAiXo) 

< c ■ u^(x) 

- c ■ (u(x) + u~(x)), 


( 2 . 12 ) 

for any x e Brig(xo). Set cq = r/20. Since u~ is harmonic in Br/e(xo), we obtain 

U-(X) = 

= I u-(y)PB^^(xo)(x,y)dy 

•J (Bc„(xo'l)‘ 

= I u^(y) I Gb (x„)(x, v)/v(y - v) dv dy 

J(B,Jxn)y Jb^Jxc) 


(2.13) 


( Gb^.^(^„)(x,v) I u (y)/v(y - v) dy dv. 

JBcJxo) J(BcJxo)y 
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Examining the inner integral in (2.13) more closely, it follows: 


I M iy)fviy -y)dy< u (y)fy(y - v) dy 

Jr-' 


< sup 

Z^-Br/cri^o) 


Jr^ 


M (y)fv(y - z) dy. 


Therefore, 


(2.13) < r Gb,^(xo)(x,v) sup r u (y)fy(y-z)dydv 

JBcfyiXo) Z^Brlcr(Xo) 


Jb, 


Bcq(Xo) 

< c • sup 

ZG.Br/a-i.Xo) 


Gb,(xo){x^v)<1v sup u (y)/v(y-z)dy 


•JR'^ 


f 

Jr^ 


ZGBr/a-iXo) JR‘^ 

u^(y)fv(y - z) dy. 


To conclude, 

(2.14) 

holds, for any x e Br/g(xo). Therefore, (2.12) yields 


f 

) Jr'' 


u (x) <c- sup ( u (y)fy(y - z) dy 

zeB./Axo) • 


-r u(x) dx — cu (x) < c inf u, 

Jb„Axo) ^'IoGo) 


from where we obtain 


£ 


u(x) dx < c inf u + cu (x), 

BriAxa) 


which, together with (2.14), implies 


-r m(x) dx < c inf u + c ■ sup ( u (y) fy(y - z) dy, 

Jb,,M Z£Br,.,(xo) . 


f 

) Jr-* 


and hence the theorem. 


3. Holder Regularity Estimates 

Theorem 3.1. Let xo e R"', d > 2,r(, > 0 and 6 > A > 1,26 > cr > 1. Let X be a symmetric 
a-stable Levy process in R"', with index of stability a e (0,2) and the characteristic function 
of the form 

jeO^ih x, ^ M e R"', f > 0, 

where the characteristic exponent is given by 

o(m)= r \u-f\<^p{df), 

and p is a spectral measure. Furthermore, let p be absolutely continuous with respect to 
the uniform measure cr on the sphere and denote by f^ its density. Assume that there 
is a positive constant m such that 

0 < f,{f) <m,fe S''-'. 
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Then there exists /3 e (0,1) such that for every bounded function u on Mf, which is harmonic 
in Bf.{xo) with respect to X, Q < r < r^, and non-negative on B^ixf) 

\u{x) - u(y)\ < c ||m|U > 

for almost all x,y e Bp(xo), p e (0, r/2). 

Proof. For r > 0, denote Bfxo),xo e R"'. Let ci be the constant from the Theorem 
2.2, r e (0, rf). Set 

K (4ci)^\ 

log(^^j/log(0). 

Furthermore, for n e N set Mq ||m||oo,M_„ := M(),mo inf^j M,m_„ mo. We 
construct an increasing sequence (m„) and a decreasing sequence (M„) such that for n e Z 
the following holds: 

m„ < u(z) < Mn, for almost all z e Bre-n, 

M„ - m„ ^ , 

where K - Mq - mo e [0,2 ||m||oo]. 

In the case \x - y\ > p, the theorem holds true. Let us examine the case 
(3.2) \x-y\<p. 


Choose j e No such that 

p ■ <\x-y\< pO^f 

From (3.1) we obtain that for almost all x,y e Bp(xo) 


\u(x) - u(y)\ oscb^^_j(x)U 


\x - 

which proves the theorem. 


|x - y\P 


<K\ 




Assume that there is A: e N and that there are m„, M„ such that (3.1) holds for n < A: - 1. 
We construct and Mk such that (3.1) holds for n - k. 

Define 



mk-i + Mk-i 

2 / K 


zeR"'. 


From here we have 


|v(z)| < 1, for almost all z e B^g-ck-i). 
We show that Theorem 2.2 implies either 

v(z) < 1 - /c, z e Bi-g-k 
or 

v(z) > -I + K, z e B^g-k. 

Let us consider two cases: 


(3.3) 

(3.4) 


\{x e B,g-(k-ip;i: v(x) < 0)| > l/2\B,(^(k-i)/f, 
\{x e Bre-(t-i)/,,: v(x) > 0)| > l/2\B,g-(k-i)/f. 
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Let z e be such that |z - xo| > There exists 7 e N with the property 

(3.5) < |z - xol < 


Consequently, 


K nik-i + Mk-i 

v(z) = u(z) --- 




^ Mk^(j+i) - mk-(j+i) + mk-(j+\) ■ 


nik-i + Mk- 


^ Mk-(j+i) - mk-(j+i) + nik-i 


nik-i + Mk-i 


- Mk-(j+i) - mk-{j+i) ' 


Mk-i - nik-i 


K 


2 

= _ 1 / 2 ) 
^ _ 1 )^ 


from where we obtain 

v(z) < 20 -'^ - 1 

Notice that the second inequality follows from (3.5). Similarly, 


K nik-i + Mk-i 

v(z) = u(z) --- 


20 (^-b/? 


^ mk-(j+i) - Mk-(j+\) + Mk-(j^i) - 


nik-i + Mk-i 


^ f^k-U+l) ~ ^k-{j+\) + -^yfc-l - 


nik-x + Mk-\ 


- -(Mk-a+x) - nik-a+i)) ■ 

> + ^Q-ik-DP 

2 

= 7^r«=-i)/?(i/2 _ 0jP) 


Mk^i - nik-x 


from where we obtain 


v(z) > 1 - 20 ^^ 


> 1-20 


\ r 0 -(^-i)j 


Notice that the second inequality follows from (3.5). 
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In the case (3.3), we wish to show v(z) < 1 - a:, for almost all z e Bf.g-k and some 
K e ( 0 , 1 ), since then 


^ ^(1 Mt-i - Mk-l 


2 

mk-\ + 


+ m-\ 


2 2 


< nik^x + K6 


-kp 


Then we set 


nik = nik-i 
Mk = mt + 

and obtain that for almost all z e B^g-k 

nik < u(z) < Mk- 

Define w = 1 - v. The Theorem 2.2 yields 


(3.6) 


i 




w(x) dx < Cl inf w + Cl sup ( w (z)/v(x - z) dz 

^re-t 


f 

. jR-i 


In the case (3.3), the left-hand side of (3.6) is bounded below by 1 /2. 
Denote by Ar,R = Br(xo) \ Br(xo), r < B. Then, 


1 

inf w > - -sup w (z) fy(x - z) dz 


2ci xeB^-^k-i)/, 

1 


f 

Jr'' 


>-/ sup 

^‘'1 j=l 


f 

Jr'' 




1 - 1 ) (z)/v(x-z)dz 


1 

2 ci 


- £(20-'^ - 2)77, 


M 


where 


Since 


it follows 


1 ] - sup 


i 


fy(x - z) dz. 




rj <c ■ ( ^ ',^ > l,c > 0 , 


inf w > 1 ^ - 2 c y ( 0 -'^ - 

B,„-k 2 c 1 ^ 


Note that for /? > 0 small enough 


7=1 


< CO, 
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which implies 

oo oo 

^ (0-'^ - < X ^ i/(i6ci), 

y'-Z+i y=z+i 

for some / e N. Given / c M, if needed, choose smaller /3 > 0 such that 

i 

Therefore, w > /c on B^g-k, which implies v < 1 - /<■ on B^g-k. In the case (3.4), we aim to 
show v(x) > -1 + AT. To this end, set w = 1 + v. Following the previous strategy, one sets 

Mk = Mk-i, 

nik^Mk-K- 

and the result follows. □ 
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